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THE BRAID GROUP FOR A QUIVER WITH SUPERPOTENTIAL
YU QIU
Abstract. We survey various generalizations of braid groups for quivers with super-
potential and focus on the cluster braid groups, which are introduced in a joint work
with A. King. Our motivations come from the study of cluster algebras, Calabi-Yau
categories and Bridgeland stability conditions.
1. Introduction
1.1. Cluster algebras. Cluster algebras were introduced by Fomin-Zelevinsky [10]
whose original motivation comes from the study of total positivity in algebraic groups
and canonical bases in quantum groups. For the last two decades, the theory of cluster
algebras has grown exponentially due to such a phenomenon appears in many subjects,
such as Poisson geometry, integrable systems, Teichmu¨ller spaces, algebraic geometry,
mirror symmetry, representation theory of algebras... (cf. Keller’s survey [17]).
The combinatorial aspect of the cluster theory is quiver mutation, which was further
developed by Derksen-Weyman-Zelevinsky [7] as mutation of quivers with potential. A
cluster algebra will determine a class of mutation-equivalent quivers of potential. Our
aim is to explain what is the (generalized) braid group that should be associated to
a quiver with potential. There are various answers depending on motivations. Nev-
ertheless, our motivation comes from the study of Bridgeland stability conditions on
Calabi-Yau categories that are associated to cluster algebras/quivers with potentials.
Therefore, our criterion of introducing such braid groups is to serve the study of the
topology of spaces of stability conditions.
1.2. Stability conditions on Calabi-Yau categories. Stability conditions on tri-
angulated categories were introduced by Bridgeland [5], which were motivated from
Douglas’ Π-stability in the study of D-branes in string theory. The crucial feature is
that the set of all stability conditions on a triangulated category D is in fact a complex
manifold StabD. Many interesting examples of D are from geometry, namely those
appear in homological mirror symmetry
DFuk(X) ∼= Db(CohY), (1.1)
where X is a symplectic mainfold on A-side and Y its complex mirror on B-side (cf.
[24, 34]).
While in general the study of the space StabD on the Calabi-Yau-3 categories men-
tioned above is very hard, there are many progress in the simplified quivery cases.
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Namely, for a quiver with potential (Q,W ) (say from cluster algebra setting), one can
construct a Calabi-Yau-3 category Dfd(Γ(Q,W )) via Ginzburg dg algebra Γ(Q,W ). In
some of the setting, e.g. quivers with potential from a marked surface S in the sense of
Fomin-Shapiro-Thurston and Labardini ([9, 16]), such categories (only depend on S)
D(S) : = Dfd(Γ(Q,W ))
can be embedded into categories in (1.1) (due to Smith [35]). Moreover, Bridgeland-
Smith [6] establish a connection between Teichmu¨ller theory and stability conditions.
More precisely, they prove that
Stab◦D(S)/AutD(S) ∼= Quad(S), (1.2)
where Quad(S) is the moduli space of (signed) quadratic differentials on S. Their
motivations are coming from string theory in physics, Donaldson-Thomas theory and
(homological) mirror symmetry (cf. [11], [35] and [28]).
To the symmetry groups in the formula (1.2), one needs to understand the spherical
twist group STD(S) ⊂ AutD(S) that sits in the short exact sequence
1→ STD(S)→ AutD(S)→ MCG(S)→ 1,
where MCG(S) is the mapping class group of S. Such spherical twist groups were first
study by Khovanov-Seidel-Thomas [24, 34] from the two sides of the homological mirror
symmetry in the case when S is a disk. In the previous works on spherical twist groups
(e.g. [24, 34, 4, 30]), one usually proved that STD(S) is isomorphic to the braid group
of the corresponding (Dynkin) type. However, in the general case (arbitrary surfaces or
arbitrary quivers with potential from cluster algebras), the associated braid groups are
not (well-)defined yet.
1.3. Context. In Section 2, we introduce the classical braid groups and several gen-
eralizations from different point of views. In particular, we will review the symplectic
generalization via spherical twists on Calabi-Yau categories in Section 2.6. We sum-
marize the previous results in Section 2.7. In Section 3, we introduce the cluster braid
groups, which is due to the forthcoming joint work with Alastair King [22]. Such a
generalization, via cluster exchange groupoid, can apply to higher Calabi-Yau cases, i.e.
in the quivers with superpotential setting. Further study in this direction will appear
in the project joint with Akishi Ikeda and Yu Zhou.
Some conventions:
• The convention of composition is from left to right (as product).
• Co(a, b)⇐⇒ ab = ba.
• Br(a, b)⇐⇒ aba = bab.
• Tr(a, b, c) : abca = bcab = cabc.
Acknowledgments. I’d like to thank my collaborators Alastair King, Jon Woolf and
Yu Zhou for collaborating with me on the topic of braid groups. I also want to thank
Fang Li, Zongzhu Lin and Bin Zhu, the organizers of the International Workshop on
Cluster Algebras in Naikai University, Tianjin (2017), for inviting me writing this article
contributing to the conference proceedings.
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2. Various generalization of braid groups
2.1. An algebraic generalization. The classical braid group (a.k.a. Artin group)
Brn+1 on n+ 1 strands has the following presentation
Brn+1 = 〈b1, . . . , bn | Br(bi, bi+1) ∀1 ≤ i ≤ n− 1,
Co(bj , bk) ∀ |j − k| > 1〉.
Definition 2.1. The (generalized) braid group Br(Q) associated to a quiver Q (or its
underlying diagram Q) is the group with generators bi, i ∈ Q0, and the relations{
Co(bi, bj), if there are no arrows between i and j,
Br(bi, bj), if there is exactly an arrow between i and j.
When Q is of type An, we have Br(Q) = Brn+1.
A potential W of a quiver is the sum of certain cycles in Q. According to the
philosophy in [28], the (proper) braid group Br(Q,W ) of a quiver with potential (Q,W )
should admit the following presentation:
• generators are (indexed by) Q0;
• commutation/braid relations correspond to zero/exactly one arrow between ver-
tices.
• a triangle relation Tr for each 3-cycle abc in the potential term.
Such a definition is not ‘correct’ in general; however, at least we have the following.
Definition 2.2. Suppose that (Q,W ) is a quiver with potential such that there is at
most one arrow between any two vertices. The algebraic braid twist group AT(Q,W )
is defined by the presentation
• generators bi are (indexed by) i ∈ Q0;
• there is a relation Br(bi, bj) if there is an arrow between i, j; otherwise there is
a relation Co(bi, bj).
• there are relations Ri = Rj for any i 6= j , if there is a cycle Y : 1→ 2→ · · · →
m → 1 in W , where Ri = bibi+1 · · · b2m+i−3 with convention k = m + k here.
Note that for any i 6= j and i′ 6= j′, we have Ri = Rj ⇐⇒ R
′
i = R
′
j.
2.2. A geometric generalization. One can visualize a braid (that is, an element of
the classical braid group Brn+1 in R
3), as shown in Figure 1. The element there is
b1b3b4b
−1
2 b1b3b
−1
2 b1b
−1
2 ∈ Br5 .
Along this direction, one can define the surface braid group more precisely as follows.
Let S△ be a decorated surface, where S is a (topological) surface with a set △ =
{Z1, . . . , Zℵ} of ℵ decorating points in S
◦. The classical case (Brn+1) is when S is a
disk and ℵ = n+ 1. Then we can embed S△ in R
2 instead of (for the general case) R3.
Definition 2.3. A geometric braid on S△ based at △ is an ℵ-tuple Ψ = (ψ1, . . . , ψℵ)
of paths
ψi : [0, 1]→ S△
such that
• ψi(0) = Zi;
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Figure 1. Classical braids
• ψi(1) = Zi;
• {ψ1(t), . . . , ψℵ(t)} are distinct points in S
◦
△, for 0 < t < 1.
The product of geometric braids follows the same way of products of paths (in the
fundamental group setting). All braids on S△ with the product above form the surface
braid group SBr(S△).
For instance, when S△ is a torus with three decorations, Figure 2 tries to show a
braid on S△.
2.3. A topological generalization. Another well-known alternative definition of the
classical braid group Brn+1 is the following:
Brn+1 = pi0Diff(Dn+1) =: MCG(Dn+1),
where Dn+1 is a close disk with a set ∆ of n+1 decorations (points) and Diff(X) is the
the group of diffeomorphisms of X that preserve the boundary pointwise and ∆ setwise.
The corresponding generalization can be done in the following way. A closed arc in
S△ is a curve (up to isotopy) in S whose interior lies in S − △ and whose endpoints
are different decorating points in △. Denote by CA(S△) the set of simple closed arcs in
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Figure 2. Torus braids (cf. [14])
S△. For any closed arc η ∈ CA(S△), there is the (positive) braid twist Bη ∈ MCG(S△)
along η, which is defined by Figure 3.
Definition 2.4. The braid twist group BT(S△) of S△ is the subgroup of MCG(S△)
generated by {Bη | η ∈ CA(S△)}.
η
+
•◦ •◦
Bη η
•◦ •◦
Figure 3. The braid twist (cf. [14])
Moreover, such braid twist group can be defined in the setting of quivers with poten-
tial from marked surface (in the sense of Fomin-Shapiro-Thurston [9], cf. [16]). First,
we equip S with a set M of marked points on ∂S such that each boundary component
contains at least one marked point. An open arc in S is (the isotopy class of) a curve
in S that connects two marked points in M, which is neither isotopic to a boundary
segment nor to a point. A triangulation is a maximal collection of open arcs such that
there are no interior intersections pairwise. Moreover, suppose that
ℵ = 4gS + 2|∂S| + |M| − 4
and it is well-known that any triangulation T of S contains ℵ triangles. Here gS is the
genus of S.
Let (QT,WT) be a quiver with potential from some triangulation T of S. Then
consider a triangulation T on S△ such that T becomes T when forgetting about △ and
there is exactly one decoration in each triangle of T when adding △ back to S. By
abuse of notation, we will not distinguish T and T in the following. Then
6 QIU
•
•
•
•
•
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s1
•◦
s2
•◦
s3
•◦
Figure 4. The dual graph of a triangulation
• vertices of QT are (indexed by) arcs γ in T;
• arrows of QT correspond to angles of triangles in T;
• terms of WT are 3-cycles that correspond to triangles of T.
Let T∗ be the dual graph of T, which consists of closed arcs in S△ (cf. Figure 4).
Definition 2.5. The braid twist group BT(QT,WT) associated to the quiver with
potential (QT,WT) is the subgroups of MCG(S△) generated by {Bη | η ∈ T
∗}.
If it is known that (cf. [28, 33])
BT(QT,WT) ∼= BT(S△) ⊂ SBr(S△).
2.4. A monodromy generalization. A monodromy representation of a braid group is
a representation of Brn+1, in the mapping class group of some surface, which sends the
different (standard) generators to distinct Dehn twists of certain curves on the surface.
For instance, the famous Birman-Hilden representation is a monodromy representation,
which is a special case (of type A) coming from the Milnor fibres. More precisely,
consider the simple singularities (with two complex variables)
An : f(x, y) = x
2 + yn+1 (n ≥ 1)
Dn : f(x, y) = x(x
n−2 + y2) (n ≥ 4)
E6 : f(x, y) = x
3 + y4
E7 : f(x, y) = x(x
2 + y3)
E8 : f(x, y) = x
3 + y5
The Riemann surface (the singularity) S consists of the singular points of the hypersur-
face
{f(x, y) = 0} ⊂ C2.
To get the Milnor fibres (cf. [26, 24]), one perturbs the equation f(x, y), so as to smooth
out the singular point, and then intersects the outcome with a ball around the origin.
One gets a family of curves {Ci | i ∈ Q0} such that the intersection form between them
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is given by the corresponding Dynkin diagram Q as below.
An : 1 2 · · · n
Dn :
1
3
❖❖❖❖❖❖
♦♦
♦♦
♦♦
4 · · · n
2
E6,7,8 : 4
1 2 3 5 6 7 8
(2.1)
Then the monodromy representation ρm of Br(Q) is given by
ρm : Br(Q)→ pi0Diff(S), bi 7→ DCi , (2.2)
where DCi is the Dehn twist of Ci. Birman-Hilden [8] proved that ρm is faithful for
type A; Perron-Vannier [26] showed that ρm is faithful for type D, based on the result
of Birman-Hilden. On the other hand, Wajnryb [37] showed that there is no faithful
geometric representation of the braid group of type E, which is a bit surprising.
One can generalize such an idea for the triangulated marked surfaces case. More
precisely, consider the marked surface S mentioned above with triangulation T. Then
the lift CT of T
∗ on the twisted surface ΣT, which is the branched double cover of S△
branching at decorations in △, is a collection of isotopy classes of simple closed curves
(with chosen orientation and known as clusters of curves in [22]). The Dehn twist group
DT(CT) of CT is the subgroup of MCG(ΣT) generated by {DC | C ∈ CT}.
Note that ΣT only depends on S△ (topologically); however its combinatorial con-
struction in [22] depends on T. Consider the punctured case of S, i.e. adding a set
P of punctures on S (which serves different purpose than decorations) In fact, punc-
tures/decorations on S are poles (of order two)/zeroes (of order one) of quadratic dif-
ferentials on the Riemann surface associated to S (further details concerning quadratic
differentials cf. [6, 22]). We have the following.
Definition 2.6. A cluster of curves C is a collection of (isotopy classes of) oriented
curves (on some surface). The (geometric) intersection quiver Q(C) of C is the quiver
whose vertices are curves in C and whose edges are bijective to the positive geometric
intersections between curves in C.
Theorem 2.7. [23] Given a quiver with potential (QT,WT) from a (tagged) triangula-
tion T of S, there exists a cluster of curves CT on certain surface ΣT (twisted surface
in [23]) such that QT = Q(CT).
Remark 2.8. The terms (cycles in the quiver QT) in WT correspond to ‘contractible
polygons’ formed by curves in CT (cf. Figure 5). However, such a statement only makes
sense when choosing representatives in the isotopy classes of curves.
Definition 2.9. [22] The Dehn twist group DT(QT,WT) of (QT,WT), is the subgroup
of MCG(ΣT) generated by {DC | C ∈ CT}.
8 QIU
Note that in the unpunctured case, the twisted surface ΣT is exactly the branched
double cover of S△, branching at △. Then the clusters of curves consists of curves,
which are lifts of closed arcs T∗. Then by the famous result of Birman-Hilden ([8]),
DT(ΣT) ∼= BT(QT,WT).
2.5. A symplectic generalization. The symplectic representation of the braid groups
arose in the study of Kontsevich’s (homological) mirror symmetry. On the symplecitc
geometry side, Khovanov-Seidel [24] studied a subcategory D(ΓN Q) of the derived
Fukaya category of the Milnor fibre of a simple singularities of type A. They showed that
there is a faithful braid group action on D(ΓN Q), where the braid group is generated
by the (higher) Dehn twists along Langragian spheres. On the algebraic geometry
side, Seidel-Thomas [34] studied the mirror counterpart of [24] (also in type A). They
showed that D(ΓN Q) can be realized as a subcategory of the bounded derived category
of coherent sheaves of the mirror variety. By their work, for any (acyclic) quiver Q, there
is the spherical twist group Br(ΓN Q) on Calabi-Yau-N category D(ΓN Q). Similarly
one can defined the spherical twist groups for the quivers with (super)potential.
2.6. Spherical twists on Calabi-Yau categories. Fix an algebraically closed field
k. An (algebraic) triangulated category D is Calabi-Yau-N if for any objects L,M in
D there is a natural isomorphism
S : Hom•D(L,M)
∼
−→ Hom•D(M,L)
∨[N ]. (2.3)
An object S in such a category is spherical if Hom•(S, S) = k ⊕ k[−N ] and it induces
a spherical twist functor φS ∈ AutD, defined by
φS(X) = Cone (S ⊗Hom
•(S,X)→ X) . (2.4)
Consider a (graded) quiver with superpotential (Q,W ) of degree N , in the sense of
[12, 18, 36, 25]. For instance, it satisfies at least the following properties:
• the degrees of arrows of Q are in {0, . . . , 1−N};
• W is the sum of homogenous cycles of degree 3−N ;
• there is a (distinguish) loop of degree 2−N at each vertices.
Figure 5. A contractible polygon
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We also require it is good, i.e. it satisfies certain conditions, e.g. [25, Section 6] for
details. Denote by
Γ: = Γ(Q,W )
the Ginzburg dg k-algebra (of degree N) associated to (Q,W ) and Dfd(Γ) the finite-
dimensional derived category of Γ. Then Dfd(Γ) is a Calabi-Yau-N , Hom-finite, Krull-
Schmidt, k-linear triangulated category. We also know that Dfd(Γ) admits a canonical
heart HΓ generated by the simple Γ-modules {Si | i ∈ Q0}.
Definition 2.10. The spherical twist group ST(Q,W ) of a quiver with superpotential
(Q,W ) is the subgroup of AutDfd(Q,W ) generated by the spherical twists of the simple
Γ-modules.
Remark 2.11. Our main motivation is to study the spherical twist groups, which has
a closed relation with proving the topological properties (namely simply connectedness
and contractibility) of the corresponding stability space of D(ΓN Q), in the sense of
Bridgeland ([5, 27, 30]). Our previously works [27, 28, 32, 33] are attempts to understand
the spherical twist groups via other generalizations of braid groups.
2.7. Relations between different braid groups. Here we summarize results on the
relations between various generalized braid groups. Recall that we have the following
generalizations:
• Braid group Br in Definition 2.1;
• Algebraic braid twist group AT in Definition 2.2;
• Braid twist group BT in Definition 2.5;
• Dehn twist group DT in Definition 2.9;
• Spherical twist group ST in Definition 2.10.
Theorem 2.12. Let (Q,W ) be a quiver with potential. We have the following.
[24, 34] If (Q,W ) = (An, 0) and N ≥ 2 is an integer, then
Brn+1 = Br(An) ∼= ST(Q,W ). (2.5)
[4] If (Q,W ) = (Q, 0) is a Dynkin quiver and N = 2, then (2.5) holds.
[15] If (Q,W ) = (A˜n, 0) and N = 2, then (2.5) holds.
[30] If (Q,W ) = (Q, 0) is a Dynkin quiver and N ≥ 2 is an integer, then (2.5) holds.
[28] If (Q,W ) is coming from a triangulation of an unpuncture marked surface S
and N = 3, then
BT(Q,W ) ∼= ST(Q,W ). (2.6)
[13, 28] If (Q,W ) is mutation (in the sense of [10]) equivalent to a Dynkin quiver Q∗
and N = 3, then
AT(Q,W ) ∼= Br(Q∗). (2.7)
[33] If (Q,W ) is coming from a triangulation of an unpuncture marked surface S
and N = 3 and there is no double arrows in Q, then
AT(Q,W ) ∼= BT(Q,W ). (2.8)
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Moreover, when there are double arrows in Q, [33] also gives the generaliza-
tion/modification of the definition of AT(Q,W ) so that the equality above still
holds. This is equivalent to give the presentation of BT(Q,W ).
[22] If (Q,W ) is coming from a triangulation of an unpuncture marked surface S
and N = 3, then
DT(Q,W ) ∼= BT(Q,W ). (2.9)
If (Q,W ) is mutation equivalent to a type Dn quiver (for S is a once-punctured
n-gon), then
DT(Q,W ) ∼= Br(Dn).
3. Cluster braid groups
Now we introduce another generalization of braid groups for quivers with superpo-
tential, which is due to the joint work with Alastair King [22].
3.1. Exchange graphs and exchange groupoids. Fix an integer N ≥ 3. Consider
a (good) quiver with superpotential (Q,W ) of degree N with the associated Ginzburg
dg algebra Γ = Γ(Q,W ). We have the following associated categories (cf. [18, 21]) with
certain exchange (oriented) graph structures:
• The Calabi-Yau-N category Dfd(Γ) with hearts (as vertices) and simple forward
tiltings (as edges);
• The perfect derived category perΓ with silting objects (as vertices) and forward
mutations (as edges);
• The higher (N−1) cluster category C(Γ) with cluster tilting objects (as vertices)
and forward mutations (as edges).
Denote (the principal components of) these three exchange graphs by EG(Γ), SEG(Γ)
and CEGN−1(Γ) respectively. We have the following result (cf. [29, Section 3.1] and
comments there).
EG(Γ) ∼= SEG(Γ), (3.1)
EG(Γ)/ST(Q,W ) ∼= CEGN−1(Γ). (3.2)
For convenience, we will work with Ext quivers of hearts (where the definition is more
straightforward) instead of original quivers in the quivers with superpotential setting.
They differ by grading shift and doubling ([21, Definition 6.1 and Theorem 8.10]).
Definition 3.1. Let H be a finite heart in a triangulated category D. The Ext quiver
QH is the (positively) graded quiver whose vertices are the simples of H and whose
degree k arrows Si → Sj correspond to a basis of HomD(Si, Sj [k]). For a cluster C, the
associated quiver QC is defined to the Ext quiver of any its lifted heart in EG(Γ). This
is well-defined since auto-equivalences preserve Ext quivers.
The generators of fundamental groups of these graphs are essentially squares, pen-
tagons and 2N -gons. In the finite type case, the 2N -gons are actually covered by squares
and pentagons (cf. [27, Proof of Theorem 5.4]). Denote by H♯S the simple forward tilting
of H w.r.t. a simple S (where the torsion part in the torsion pair in H for the tilting is
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generated by S). The inverse operation is the backward simple tilting, denoted by H♭S,
and we have H =
(
H♯S
)♭
S[1]
. And inductively we define that,
Hm♯S =
(
H
(m−1)♯
S
)♯
S[m−1]
for m ≥ 1, and similarly we have Hm♭S for m ≥ 1. For m < 0, we also set H
m♯
S = H
−m♭
S .
Note that we have (cf. [21, Cororllary 8.4])
H
±(N−1)♯
S = φ
∓1
S (H). (3.3)
More details on (Happel-Reiten-Smalø) tilting theory can be found in [21, Section 3].
We have the following result.
Proposition 3.2. [22, 27, 30] Let H be a heart in EG(Γ) with simples Si and Sj
satisfying Ext1(Si, Sj) = 0 and Hi = H
♯
Si
,Hj = H
♯
Sj
. We have the following.
(O). Si is a simple in Hj and there is an (oriented) 2N -gon in EG(Γ), as shown in
the upper picture of Figure 6, where
Hji : = (Hj)
♯
Si
, Tj : = φ
−1
Si
(Sj).
(I). If further Ext1(Sj , Si) = 0, then Tj = Sj, (Hi)
♯
Sj
= Hji and there is a square as
shown in the lower left picture of Figure 6.
(II). If further Ext1(Sj , Si) = k, then there is a pentagon as shown in the lower right
picture of Figure 6, where
Hij : = (H∗)
♯
Sj
, H∗ : = (Hi)
♯
Tj
.
H
Hj Hji (Hj)
m♯
Si
φ−1Si (Hj)
Hm♯Si φ
−1
Si
(H)Hi
Sj
Si
Tj
Si
H
Hj Hji
Hi
Sj
Si
Si
Sj
H
Hj Hji
Hi
H∗Sj
Si
Si
Tj
Sj
Figure 6. Square, pentagon and 2N -gon
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By the isomorphisms (3.1), (3.2), there are such squares, pentagons and 2N -gons
in SEG(Γ) as well (cf. [22]). However we need to manually add these relations to
CEGN−1(Γ). Let E be an oriented graph. Denote byW
+(E) the path category of E, i.e.
whose objects are the vertices of E and whose generating morphisms are the (oriented)
edges of E. Denote by W(E) the path groupoid of E, i.e. the same presentation of
W+(E) but all the morphisms are invertible.
Definition 3.3 (King-Qiu [22]). The exchange groupoid EG(Γ) is defined to be the
quotient groupoid of the path groupoid W(EG(Γ)) by the square, pentagon and 2N -
gon relations as in Proposition 3.2. Similarly, the cluster exchange groupoid CEGN−1(Γ)
is the quotient groupoid of the path groupoid W(CEGN−1(Γ)) by the induced square,
pentagon and 2N -gon relations in Proposition 3.2 (via (3.2)).
Definition 3.4 (King-Qiu [22]). Consider a quiver with superpotential (Q,W ) of degree
N with the associated Ginzburg dg algebra Γ. Its cluster braid group CT(Q,W ) is the
point group of the cluster exchange groupoid CEGN−1(Γ), i.e.
CT(Q,W ) = CT(CΓ) : = pi1(CEGN−1(Γ),CΓ),
where CΓ is the canonical cluster tilting object induced by Γ.
Remark 3.5 (Generators). Here are some more detailed description of the generators
of the point group CT(Q,W ). By formula (3.3), there is a length N − 1 path
H
S
−→ H♯S
S[1]
−−→ · · · → H
(N−1)♯
S = φ
−1
S (H)
in EG(Γ) and by (3.1), it becomes a (N − 1)-loop lS at the corresponding vertex, some
cluster tilting object C in CEGN−1(Γ). Moreover, each simple of H corresponds to
an indecomposable summand Y of C, which corresponds to a (forward) mutation. In
fact, the loop lS contains all cluster tilting objects, which are completions of the almost
complete cluster tilting object C − Y . In other words, this type of loops is indexed by
almost complete cluster tilting objects.
Then the generators of a cluster braid group CT(C) are the loops indexed by almost
complete cluster tilting objects, which are summand of C. Locally, they can be labelled
by vertices of the Ext quiver QC associated to C.
Remark 3.6 (Conjugation formula for Calabi-Yau-N). One of the key to generalize
the result/construction in [22] to the CY-N setting is the following conjugation formula.
Given a forward mutation C
x
−→ C′ in CEGN−1(Γ). Note that (locally) we can identify
the vertex sets of QC and QC′ (say {i}) and suppose that x = µj is w.r.t. vertex j (i.e.
x = µj at C). Denote by {ti} the local twists/generators of CT(C) and by {t
′
i} the local
twists/generators in CT(C′). The conjugation of x in CEGN−1(Γ) gives an isomorphism
adx : CT(C) → CT(C
′)
t 7→ x−1tx.
such that
adx(ti) =
{
(t′j)
−1t′it
′
j if there are arrows of degree 1 from i to j in QC,
t′i otherwise,
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The proof is basically using 2N -gon relation as in [22]. The non-trivial calculation is
as follows. Suppose that there are arrows of degree 1 from i to j in QC. Consider a
lift/heart H of C in EG(Γ) and denote the corresponding simples by Si and Sj. So the
lift of the edge C
x
−→ C′ in EG(Γ) is the tilting
H
Sj
−→ H♯Sj =: Hj .
Then in the following tilting sequence
φSj (Hj) = H
(2−N)♯
Sj
→ · · ·
Sj [−1]
−−−−→ H
Sj
−→ Hj,
all of the hearts except Hj have Si as the i-th simple (while Hj has the i-th simple
S′i = φ
−1
Sj
(Si).) Then we have the following sub-graph of EG(Γ), which consists of
H
Hj φ
−1
Si
(Hj)
Hm♯Si φ
−1
Si
(H)Hi
H♭Sj φ
−1
Si
(H♭Sj)
Hk♭Sj φ
−1
Si
(Hk♭Sj)
φSj (H) φ
−1
Si
(φSj (H))
Sj φ
−1
Si
(Sj)
Si
Si
Si
Si
Sj [−1] φ−1
Si
(Sj [−1])
Figure 7. N − 2 distinguish 2N -gons
(N − 2) distinguish 2N -gons. Note that in Figure 7, the right column is exactly the
twist φ−1Si of the left column; and except the first row, such a twist is realized by N − 1
simple forward tiltings by formula (3.3).
The lift of x−1tix in EG(Γ) is the path in Figure 7 consisting of blue and red edges;
the lift of (t′j)
−1t′it
′
j in EG(Γ) is the path in Figure 7 consisting of blue and green edges.
As they differ by (N − 2) 2N -gons, we have x−1tix = (t
′
j)
−1t′it
′
j as required.
3.2. Two examples: A2 and A1 × A1. Fix N = 3 in this subsection. Notice that
our definition of cluster exchange graph is different from the usual. More precisely,
our CEG2(Γ) can be obtained from the usual cluster exchange graph by replacing each
unoriented edge with a 2-cycle. This idea had appeared in [21, Section 9].
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Example 3.7. Consider the quiver Q = A1×A1 (andW = 0). Then CEG2(Γ(A1×A1))
is shown in the left picture of Figure 8, where there should be four square faces attached,
that correspond to the relations
x2 = y2.
Then we have
CT(A1 ×A1) = Z
2 ∼= ST(A1 ×A1)
and its universal cover is EG(Γ(A1 ×A1)), shown in Figure 9.
•
x y
•
x
y
•
xy
•
x
y •
x
y
•
x
y
•
x
y
•
x
y
•
x
y
Figure 8. CEG2(Γ(Q)) for a quiver Q of type A1 ×A1 and A2
• • •
• • •
• • •
Figure 9. EG(Γ(A1 ×A1))
Example 3.8. [21, Section 10] Consider the quiver Q = A2 (and W = 0). Then
CEG2(Γ(A1 ×A1)) is shown in the right picture of Figure 8, where there should be five
pentagons faces attached. that correspond to the relations
x2 = y3.
Then we have
CT(A2) = Br3 ∼= ST(A2)
and its universal cover is EG(Γ(A2)). The quotient graph EG(Γ(A2))/Z[1] is shown in
the left picture of Figure 10 and its Z-covering EG(Γ(A2)) can be constructed via lifting
shown in the right picture of Figure 10.
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•
•
•
•
•
•
•
•
•
•
••
•
••
•
••
•
•
•
•
•
•
•
•
•
Figure 10. The quotient graph EG(Γ(A2))/[1] and the lifting (local demonstration)
3.3. Dynkin case. In the Dynkin case, the phenomenon above also holds. Namely, we
have the following.
Theorem 3.9 (Qiu-Woolf [30]). Let N ≥ 3 be an integer and (Q,W ) be a quiver with
superpotential of Dynkin type (in the sense that Γ(Q,W ) is Morita equivalent to the
Calabi-Yau-N completion of a Dynkin quiver Q∗). Then we have
Br(Q∗) ∼= CT(Q,W ) ∼= ST(Q,W )(⊂ AutDfd(Γ(Q,W ))) (3.4)
and EG(Γ) is the universal cover of CEGN−1(Γ). Here the first isomorphism can be
constructed inductively by choosing a mutation sequence from (Q,W ) to (Q∗, 0) using
the conjugation formula in Remark 3.6.
3.4. Decorated marked surface case. Let S be an unpunctured marked surface,
N = 3 and (QT,WT) be the quiver with potential associated to some triangulation T
of S△.
Theorem 3.10 (King-Qiu [22]).
CT(QT,WT) ∼= BT(QT,WT) (∼= ST(QT,WT) by (2.6)). (3.5)
and EG(Γ) is the universal cover of CEG2(Γ). As a consequence, the corresponding space
of stability conditions Stab◦Dfd(Γ)) is simply connected.
3.5. Conjectures in the general case. In general, we expect the following:
Conjecture 3.11. For any quiver with superpotential (Q,W ) (of degree N),
CT(Q,W ) ∼= ST(Q,W )
and EG(Γ) is the universal cover of CEGN−1(Γ).
16 QIU
This conjecture is closely related to the conjectures that the corresponding space
Stab◦Dfd(Γ) of stability conditions is simply connected (and contractible) as appeared
above in the surface case.
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